The purpose of this paper is to study the existence and multiplicity of periodic solutions for the following non-autonomous second-order Hamiltonian systems:
Introduction and main results

Consider the second-order Hamiltonian systems ü(t) = ∇F(t, u(t)) a.e. t ∈ [, T], u() -u(T) =u() -u(T) = ,
where T >  and F : [, T] × R N → R satisfies the following assumption:
(A) F(t, x) is measurable in t for every x ∈ R N and continuously differentiable in x for a.e. t ∈ [, T], and there exist a ∈ C(R + , R + ), b ∈ L  (, T; R + ) such that
F(t, x) ≤ a |x| b(t), ∇F(t, x) ≤ a |x| b(t)
for all x ∈ R N and a.e. t ∈ [, T].
As is well known, a Hamiltonian system is a system of differential equations which can model the motion of a mechanical system. An important and interesting question is under what conditions the Hamiltonian system can support periodic solutions. During the past few years, under assumption (A) and some other suitable conditions, such as the coercivity condition, the convexity conditions, the sublinear nonlinearity conditions, the subquadratic potential conditions, the superquadratic potential conditions, the periodicity conditions, and even the type potential condition, and so on, the existence and multiplicity of periodic solutions are obtained for problem () , we obtain some new existence theorems for problem (), which generalize some results mentioned above.
The following main results are obtained by using the least action principle and by the minimax methods.
Theorem . Suppose that F(t, s) = G(x) + H(t, x) satisfies assumption (A) and the following conditions:
(F) there exist constants C ≥ , C * > , and a positive function q ∈ C(R + , R + ) with the properties:
where 
for all x, y ∈ R N .
Then problem () has at least one solution which minimizes the functional ϕ on H 
T given by
where
is a Hilbert space with the norm defined by 
with G(x) = C(x) -(r/)|x|  , which is bounded from below, and
ds, and it is easy to see the (F), (F), and (F) conditions are satisfied. Then by Theorem ., we conclude that problem () has at least one solution which minimizes the functional ϕ in H Replacing () with the following condition:
we then obtain Theorem . by the Saddle Point Theorem (see Theorem . in []).
Theorem . Suppose that F(t, s) = G(x) + H(t, x) satisfies assumption (A), (F), (F), and (). Assume that there exist M
Remark  We note that Theorem . generalizes Theorem . in [] , which is the special case of our Theorem . corresponding to G(x) ≡ . There are functions F(t, x) satisfying the assumptions of our Theorem ., but not satisfying the corresponding assumptions in [-]. For example, let
with G(x) = C(x) -(r/)|x|  , which is bounded from above, and
where C(x) satisfies the requirement that ∇C(x) is Lipschitz continuous and monotone in
then it is easy to see that F satisfies the assumptions of Theorem ., we conclude that problem () has one solution in H  T . However, the results in [-] cannot be applied.
Theorem . Let the hypotheses of Theorem . be satisfied. Again, assume that there exist δ > , ε >  and an integer k >  such that
for all x ∈ R N and a.e. t ∈ [, T], and
for all |x| ≤ δ and a. 
for all |x| ≤ δ and a.e. t ∈ [, T]. Then problem () has at least two non-trivial solutions in H  T .
Preliminaries
Then one has
and
It follows from assumption (A) that the corresponding function ϕ on H  T given by 
It is well known that the solutions to problem () correspond to the critical point of ϕ.
In order to prove our main theorems, we need the following lemmas.
Lemma . (Lemma . of [])
Suppose that there exists a positive function q which satisfies the conditions (q), (q), (q) of (F), then we have the following estimates: Again, assume that ϕ is bounded from below and inf ϕ < . Then ϕ has at least two non-zero critical points.
The proof of main results
For the sake of convenience, we will denote various positive constants as C i , i = , , , . . . . Now, we are ready to prove our main result, Theorem ..
Proof of Theorem . It follows from (F), Lemma ., and Sobolev's inequality that
T 
H t, u(t) -H(t,ū) dt
for u ∈ H  T . From (F) and Wirtinger's inequality we obtain
Taking into account Lemma . and (F), one has
as |ū| → +∞. 
Hence, by the least action principle, the problem () has at least one solution which minimizes the functional ϕ in H  T .
Proof of Theorem . First we prove that ϕ satisfies the (P.S.) condition. Suppose that
and {ϕ(u n )} is bounded. In a way similar to that the proof of Theorem . above, we have
for all n. Hence one has
for large n. On the other hand, it follows from Wirtinger's inequality that
for large n. Combining () with (), we obtain
for all large n and ε small enough. It follows from (), Cauchy-Schwarz's inequality, and Wirtinger's inequality that
for all n. By the proof Theorem . we have
for all n. By (), (), (), Lemma ., and (), one has
This contradicts the boundedness of {ϕ(u n )}. http://www.journalofinequalitiesandapplications.com/content/2014/1/411
Thus {ū n } is bounded. Notice () and (a) of Lemma ., {u n } is bounded, and by following the same arguments used as Proposition . in [] we conclude that the (P.S.) condition is satisfied.
We now prove that ϕ satisfies the other conditions of the Saddle Point Theorem. Let H  T be the subspace of H  T given by
In fact, by the proof of Theorem . we have
In addition, by (F), Sobolev's inequality and Lemma ., we have
Hence one has
By Wirtinger's inequality, one has u → +∞ if and only if ( 
